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Abst ract - - In  this paper, several necessary and/or sufficient conditions are given for the existence 
of unbounded positive solutions of nonlinear difference quations of the form 
Amxn-1 + af(n, xn_,) = O, n • No, 
where m > 2, a = +1, or a = -1, and f : No x R ~ R is a real-valued continuous function such 
that f(n, x) >_ 0 for all (n, x) • No x (0, c~), where No = {0, 1,... }. (~) 2000 Elsevier Science Ltd. 
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1.  INTRODUCTION 
Consider the nonl inear difference quation 
Amxn_ l  + a f (n ,  x . - r )  = O, n E No, (1.1) 
where m > 2, a = +1 or a --- -1 ,  and f : No x R --* R is a real-valued continuous function such 
that  
f (n ,  x) >_ O, for all (n, x) E No x (0, oo), (1.2) 
where No = {0, 1 , . . .  }. 
I t  is well known [1-3] that  if {xn} is a posit ive solution of (1.1), then there exists an integer k 
such that  0 < k < m, ( -1 )m-k - la  = 1 and 
Aixn >_ O, n >_ no, 0 < i < k - 1, 
(1.3) 
( -1 ) i -kA ix ,~ _> 0, n>no,  k<i<m.  
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for some sufficiently large no _> 0. Denote by E and Ek, respectively, the set of all eventually 
positive solutions of (1.1) and the set of all eventually positive solutions of (1.1) satisfying (1.3). 
Then the above observation means that E has the decomposition: 
E = E1U E3  U . . . U En_ I ,  
E = Eo U E2 U . . . u En_~,  
E=EoUE2U. . .UEn ,  
E=ElUE3U. . .UEn ,  
for a = +1 and n even, 
for a = +1 and n odd, 
for a = -1  and n even, 
for a = -1  and n odd. 
(1.4) 
Some or all of the above classes Ek may or may not be empty. A number of authors have 
obtained conditions guaranteeing some or all the Ek in (1.4) to be empty (or nonempty) subject 
to the assumption that the nonlinear term f(n, x) is nondecreasing in x; see, e.g., [3-8]. A more 
difficult problem is to characterize the situation which equation (1.1) possesses a positive solution 
of degree k (i.e., Ek # ¢) for a given integer k compatible with the classification when f(n, x) is 
nonincreasing. 
In what follows, our attention will be restricted to the classes Ek with k such that 
0 < k < m and (--1)m-k-la = 1. (1.5) 
If x E Ek for such a k, then, in view of (1.3), there are positive constants a > 0, b > 0, and 
nl > no such that 
an k-1 < xn < bn k, n > nl, (1.6) 
and exactly one of the following three cases occurs: 
lim Akxn = const. > 0; (1.7) 
n---~ OO 
lim AkXn = 0 and lim Ak-lx,~ = +c¢; (1.8) 
r t ' -~OO n---~ OO 
lim Ak- lxn = const. > 0. (1.9) 
r t  ---*OO 
This suggests a further decomposition of Ek 
Ek = Ek [max] U Ek lint] U Ek [min], 
where Ek [max], Ek [int], and Ek [min] denote the sets of all x e Ek satisfying (1.7), (1.8), and (1.9), 
respectively. 
The objective of this paper is to consider (1.1) in which f(n, x) is nonincreasing in x and give 
a characterization for each Ek with k < m in (1.4) to be nonempty. A prototype of the equations 
to be studied is the singular Emden-Fowler equation 
A2xn_l + qnx~ "~ = O, (1.10) 
A2x,~_l - qnx~ "~ = 0, (1.11) 
where qn _> 0 for n _> 0 and 7 > 0. In the continuous case, i.e., 
x"(t) + q(t)x-~(t) = 0, (1.12) 
a systematic study of the asymptotic behavior of (1.12) has been done by Taliaferro [9]. 
2. MAIN  RESULTS 
In this section, we consider equation (1.1) in which f(n, x) is nonincreasing in x and establish 
conditions for this equation to possess positive solutions of class Ek for k satisfying (1.5). Before 
stating our results, we need the following result, which can be considered as a discrete analogue 
of Schauder's theorem. Its proof was given in [4, Theorem 3.5]. 
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LEMMA. Let K be a closed and convex subset of l °°. Suppose T is a continuous map such that 
T(K) is contained in K, and suppose further that T(K) is uniformly Cauchy. Then T has a fixed 
point in K. 
THEOREM 1. In addition to (1.2), assume that f(n, x) is nonincreasing in x e (0, oo) for each 
fixed n >_ no. Let k be an integer satisfying (1.5). Then, equation (1.1) has a positive solution of 
class Ek [max] if and only if 
oo 
~_nm-k- l f  (n ,c (n -  r) k) < +oo, for some c > O. (2.1) 
n-----O 
PROOF. 
NECESSITY. Suppose that (1.1) has a positive solution Ek for some k < m. Then (1.3) holds 
for all sufficiently large n _> no >_ 0. Summing the inequality Ak+lx  n ~_ 0, we see that x~ _< 
aln k, n >_ no, for some constant al ) 0, so that 
x~_~ < al(n - r) k, (2.2) 
for n _> no + r = nl. Since limn--,oo Akxn = const. > 0, then 
lim Ak+ix n : O, 
n - -~oo 
By means of (1.1), we have 
oo  oo  
- -Ak+lxn = Z Z "'" 
il=n i2=il 
i = 1, 2 , . . . ,  m - k. (2.3) 
0(3 
Z 
i~n--k--l=im--k--2 
f ( im-k -1 ,  Xi .... k-1-r)  
= ~ ( i -  n + 1). . .  ( i -  n +m-  k -  2)f(i, xi_,) ' 
i=n  (m - k - 2 ) !  
for n _> nl. Summing the above equality, in view of nonincreasing property of f ,  we see that 
c~> Akxn l -C= ~ ( i -n ,+ l ) . . . ( i -n l+m-k-1)  
~=~1 (m - k - 1)! f ( / ,  z~_ , )  
1 1 oo 
>-- (m- -k - - I ) [2  m-k-1 ~ im-k- l f ( i 'X i - r )  
i=2nl 
oo 
1 1 im_k_lf  >-(m-k-1)!2m-k-1 ~ ( i 'a l ( i -~)k )  ' 
i=2nl 
which implies that (2.1) holds. 
SUFFICIENCY. Suppose that (2.1) holds for some c > 0. Choose N so large that N > r and 
_1 k ( i -N+l ) ' " ( i -N+m-k-1) f (n 'c (n - r )k )  <-'c 
k! (m - k - 1)! 2 
n~N 
oo  Let us introduce the linear space X of all real sequences {Xn}n=r such that 
sup ~ < +oo. 
n>_r 
It is not difficult to see that X endowed with the norm 
Ilxll = sup I~.l n>r n k ' 
x = {xn} e x 
(2.4) 
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is Banach space [7]. Define a subset 12 of X as follows: 
12={xEX :cn k <_xn <_2cn k, n>_r}.  
Then 12 is a bounded, convex, and closed subset of X. Let us further define an operator T : 12 -~ X 
as follows: 
7l--1 ira-l--1 im-k+l--1 
(Tz)n 3c k 
=yn + E E ""  E H(im-k), 
im- l=N im-2=N im-k=N 
(Tx)~ = (Tx)y, 
n>N,  
r<n<N,  
where 
~-, ( i -  n + 1) . . . ( i -  n + m-  k -  1) 
H(n) f (i, T-, i -r) .  /--'i=~ (m - k - 1)!  
The mapping T satisfies the following. 
(a) T maps f / into 12. Indeed, if x E 12, then 
3c k (Tx)n >_ -~n >_ cn k, for n _> 7. 
Furthermore, by (2.4), we also have 
3Cnk (n -N)  k ~ ( i -N+l ) . . . ( i -N+m-k  
(Tx), < T + k! (m-  k -  1)! - 1) f ( i 'x i - r )  
i=N 
3c k c k <_ -~n + ~n = 2cn k. 
(b) T is continuous. To see this, let e > 0, we can choose M _> N so large that 
(2O 
E ( ) i=M (m -- k - 1)! - 1)f  i ,e(i - r) k < e. 
Let {x (v)} be a sequence in 12 such that lim,_.~ ]Ix (v) - xH = 0. Since 12 is closed, x E 12. 
Furthermore, for all large v, 
M- l ( i _n+l ) . . . ( i _n+m_k_ l )  f ( i  x ( ')~ ( i , -(v) ' l  
+n k i=M( i - -M+l  . . . ( i -M+m-k  (ix(V) ~ 
+n k i=M ( i -M+l ) ' ' ' ( i -M+m-k  [ix(V)~ 
< 3nke. 
This shows that liml-.oo IITx I - Txll = O, i.e., T is continuous. 
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(c) T~ is uniformly Cauchy. Note that when t > n >_ N, 
I (Tx) t  t k 
~'k ~1 ira- l - -1 /m-k+l- -1 (Tz)~ i 
i ..... I=N i , , , -2 :N  im_k :N  
n--1 i .... 1-1 im-a+l- -1  
1 
i . , - l=N i , , , _2=N i , , , _k=N 
t'k t -1  i , . -1 -1  i . , -~+1--1 
i . , - l=N i . . . .  2=N i , . _ j , .=N 
n--1 i,,,-1-- 1 im-k+l- -1 
1 
i rn - l=N i , , , -2=N i . . . .  ~=N 
n--1 i ra -1 -1  i . . -~+l - -1  
im-i=N i.,-a=N i.,,_k=N 
t - i  i , . - i - I  i .n-k+l- i  
I 
i ,n - i=n i , . _~=N i ,n_~:=N 
n-1  i,,~-1-1 i , , , - k+ l -1  
2 
+v E E " E 
im- l=N im-2=N i , . - k=N 
H( im-k)  
Since 
and 
t--1 i ,n - l -1  im--k+l --1 
E E ' E H(i~_k) 
lira ~ .... ~=~ i~_~=g ~ ..... ~=N = lim H(t )  _ 0 
t--*oo t k t--*oo k! 
n--1 ira- l - -1 im--k+l --I 
B ~ "'" Z H( im-k)  
i . . . .  l=Ni  . . . .  2=N i . . . .  k----N : lim --H(n)=- lim 0. 
n-*oo n k n-.oo k! 
Hence, for any e > 0, there exits an integer No _> N such that for t > n _> N, 
t--i i .... 1--1 i ..... ~+i-- i  
I 
~m- l=n i , t , _2=N i .~_k=N 
and 
Therefore, 
n--1 i~- l - -1  im-k+l -1  
I e 
im- l=N i . . . .  2=N i . . . .  k~N 
(Tx) t  (Tx)n  
tk nk < e, 
for all t > n _> No. This means that T~ is uniformly Cauchy. 
In view of the lemma, we see that there exists an x* E f~ such that Tx*  = x*. It is easy to see 
that {x*} is a positive solution of (1.1). Furthermore, by applying the Stolz theorem, 
n--i  im- l - - I  im-~+i - - I  
I 
JSm  E E ' E  (im-k) 
i . . . .  l=N im-2=N im-~=N 
I ~-~(i-n+l)...( i-n+m-k-l l i( i ,z,_,,) O. 
k! (m - k - i)! 
182 W.-T. LI et al. 
Thus, 
* 3c lim xn - -  
~_~oo ~-~ = 2 • 
Also, limn--,oo Akx * = (3c/2)k!. The proof is complete. 
Similarly, we can prove the following theorem. 
THEOREM 2. In addition to (1,21, assume that f (n,  x) is nonincreasing in x E (0, co) for each 
fixed n >_ no. Let k be an integer satisfying (1.51. Then, equation (1.1) has a positive solution of 
class Ek [min] if and only if 
O(3 
Enm-kf  (n,c(n- T) k-l) ~ 4-00, for some c > O. (2.5) 
n=O 
THEOREM 3. In addition to (1.2), assume that f (n,  x) is nonincreasing in x E (0, co) for each 
fixed n >_ no. Let k be an integer satisfying (1.5). Then, equation (1.1) has a positive solution of 
class Ek[int] if 
co  
Enm-k- l f  (n ,a (n -  T) k - l )  < 4-co, for some a >0 (2.6) 
rt=0 
and 
oo  
E nm-kf (n,b(n- T) k-l) : 4-(~0, for every b > O. (2.7) 
n=O 
PROOF. Suppose that (2.6) holds for some a > 0. As in the proof of Theorem 1, we see that 
there exist an integer N > T and sequence {x~} such that 
an k-1 <_ x n <_ 2an k- l ,  n > N, 
and 
n--I i,n-l--1 im-k+l--1 
* 3ank- l+ E E ' E Xn= 2 
im-l=N im-2=N im-k=N 
G(im-k), n >_ N, 
where 
~-, ( i -  n 4- 11... ( i -  n 4- m-  k -  1) 
G(n) f (i, X~--T) " A.,~=n (m - k - 1)! 
Then, by means of the theorem of Stolz, we may show that 
• Ak-lx~ 
lira xn . . . . .  l i m -  = lim 
n- ,~ ~ n-*c~ (k - 1)! n- ,~ 
n-1 
3a 1 
2 (k - 1)------] + li~mc¢ E G(i) (2.8 /
i=N 
and 
lim x~ .. = lim Akx~ lim G(n)= 0. (2.9) 
~-~.o~="  ~-~ k! =~-~ 
Since (2.8) and (2.9) imply that Ak- lx~ > 0 and Akx * > 0, then {Ak- lx*}  either converges to 
some positive limit or diverges to oo as n ~ co. Assume that the first case holds. Then, this 
means that x* E Ek[min], and so (2.5) holds by Theorem 2. But this contradicts assumption (2.7). 
The proof is complete. 
Necessary conditions for the existence of Ek[int] solutions of (1.1) are given in the following 
theorem. 
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THEOREM 4. In addition to (1.2), assume that f (n,  x) is nonincreasing in x 6 (0, co) for each 
fixed n >_ no. Let k be an integer satisfying (1.5). If equation (1.1) has a positive solution of 
class Ek[int], then 
oo 
E nm-k- l  f 
/ 
< +co, for every > 0 (2.10) 
n~0 
and 
PROOF. 
oo 
nm-kf  (n ,b (n -  T) k - l )  = +c~, for every b > 0. (2.7) 
n=0 
Let {xn} be a positive solution in Ek[int] so that 
lira Akx~ = 0 and lim Ak- lxn  = co. (2.11) 
?%-"}00 /~--~ OO 
For any a > 0 and b > 0, there exists nl >_ 0 such that 
Xn <_ an k and xn >_ bn k-l ,  n > nl, 
which, in view of the nonincreasing property of f (n,  x), implies that 
>_ S (o, oln-  I0, 
for n _> nl + T = n2. Similar to that of Theorem 1, we see that (2.10) holds. 
Next, we will prove that (2.7) holds. Note first that (2.11) holds. Then 
lira A k Xn . . . . .  lim /k m- l xn = O. 
n--*oo n---~ OO 
Thus, by summing (1.1) successively, we obtain 
~,  ( i -  n + 1). . .  ( i -  n + m-  k -  1) f( i ,  xi_~.), Akxn (_1)m-k+1 
i=n (m - k - 1)! 
for n > n2. Summing again, we have 
n-1  f i  
Ak_ lx  n _ Ak_ixn2 = (_1)re_k+ 1 ~ ( j - -  i + 1) ' "  ( j - -  i +m- -  k 
i=n= j=i (m - k - 1)[ - 1)f( j ,  xj_~.) 
( i  - n + 1) . . .  ( i  - n + m - k )  <_ f( i ,  Xi - -~- ) ,  i=~/--" (m - k)! 
which, in view of limn-_.~ Ak- lxn = co and f(nx,~_~) < f(nb(n - 7-)k-1), implies 
oo 
nm-kf (n ,b (n -~ ' )  k - l )  =co, 
n~? ' t  2 
for every b > 0, and hence, 
oo 
T) k-l)  =co ,  
n=0 
for every b ) 0. This shows that (2.7) holds. The theorem is proved. 
From Theorems 3 and 4, a characterization for Ek[int] # ¢ can be derived for a special class 
of equations of the form 
Amxn + apn¢(Xn-r) = O, n > O, (2.12) 
where r > 0, Pn >_ 0 for n >_ 0 and ¢ : (0, co) --~ (0, co) is continuous and ¢(x) is nonincreasing. 
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THEOREM 5. Consider (2.12) subject  to the condition 
l im ¢(x) > 0, (2.13) 
X--*(~3 
and let k be an integer satisfying (1.5). Then, equation (2.12) has a posit ive solution in Ek[int] 
i f  and only i f  
oo oo  
nm-k- lpn  < OO and ~ nm-kpn = co. (2.14) 
r~0 n~0 
To prove this, it suffices to observe that  the function ¢(x)  is bounded from above and below by 
posit ive constants on any interval of the form Ix0, oe) with x0 > 0, so that  both (2.6) and (2.10) for 
~-~ oo - m - k - l -- oo (2.12) reduce to z.,n=o i~ pn < c~, and condit ion (2.7) for (2.12) reduces to ~n=o nm-kPn = 
(30. 
Theorem 5 is appl icable to 
Amx  + + = 0, n > 0, 
where V > 0 and ~ > 0 are constants. However, the known results in [3-8] fail since f (n ,  x,~) = 
pn(x~ v + ~) is decreasing in Xn. 
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